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$n$ $[n]:=\{1,2, \ldots, n-1, n\}$
$n$
$S_{n}:=\{\sigma$ : $[n]arrow[n]|$ $\}$
$S_{n}$
$n$




$1,$ $\sigma(3)=4,\sigma(4)=3,\sigma(5)=2$ , $\sigma$
$\sigma=[Matrix]$ . (2)
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$\pi(s_{i})=\{\begin{array}{l}s_{i+1} 1\leq i<ks_{1}\end{array}$$i=k$
$s_{i}$ $k<i\leq n$





$(\lambda_{1}, \lambda_{2}, \ldots, \lambda_{k}),$ $\lambda_{1}\geq\lambda_{2}\geq\cdots\geq\lambda_{k},$ $\sum_{i=1}^{k}\lambda_{i}=n$
$n$ $\lambda\vdash n$
$(s_{1}, s_{2}, \ldots, s_{k})$
$(s_{1}, s_{2})\cdot(s_{2}, s_{3})\cdot\ldots\cdot(s_{k-1}, s_{k})$
$(i,j)$
$\ovalbox{\tt\small REJECT}=(k, k+1)$




$\sigma_{1},$ $\sigma_{2}\in S_{5}$ 1, 2, 3, 4, 5
5,1,2,3,4
$\{\sigma_{1}, \sigma_{2}\}=$ $\{$ (123) (45), (12) (3) $(45)\}$
$\{\pi_{1}, \pi_{2}\}=$ {(512)(34), (51)(2) (34)}
1
$\pi_{i}=\tau\sigma_{i}\tau^{-1},$ $\tau=(\begin{array}{lllll}1 2 3 4 55 1 2 3 4\end{array})$ $\dot{?}=1,2$
$\sigma,$ $\pi\in S_{n}$ $\exists_{\mathcal{T},\pi=\tau\sigma\tau^{-1}}$ $\pi$ $\sigma$










$n=4$ $(2, 1, 1)=\ovalbox{\tt\small REJECT},$ $(2,2)=H,$ $\cdots$














$\rho(e)=I$ $\rho,$ $\rho_{1},$ $\rho_{2}$
$A$
$\rho(x)=A\{\begin{array}{ll}\rho_{1}(x) 00 \rho_{2}(x)\end{array}\}A^{-1}$ $(x\in G)$
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$d_{t}(i,j)=c(j)-c(i),$ $c(x)$ $x$ content
$x$











$\lambda=\lambda’$ $(i,j)=(k, l)$ $1/d_{\lambda}$
$\langle\rho_{\lambda,(i,j)}|\rho_{\lambda’,(k,l)}\rangle=\frac{1}{d_{\lambda}}\delta_{\lambda\lambda’}\delta_{ik}\delta_{jl}$
$S_{n}$ $f:S_{n}arrow \mathbb{R}$




$f( \sigma)=\frac{1}{n!}\sum_{\lambda\vdash n}d_{\lambda}tr[f(\lambda)\rho_{\lambda}(\sigma)^{T}]$ (7)























1. [1] $\pi,$ $\pi’\in S_{n}$ $c(\pi)$ $\pi$
$\frac{1}{n!}\sum_{\lambda\vdash n}\chi_{\lambda}(\pi)\chi_{\lambda}(\pi’)=\{$








$f,$ $g$ : $S_{n}arrow \mathbb{R}$ $\sigma,$ $\tau$
$f(\sigma)=Pr[\sigma],$ $g(\tau)=$
$Pr[\tau|$ 2 $\sigma,$ $\tau$




$h( \pi) = \sum_{\sigma,\tau\in \mathbb{S}_{n}}f(\sigma)g(\tau)[\pi=\sigma\tau I$
$= \sum_{\tau\in S_{n}}f(\pi\tau^{-1})g(\tau)$






1. $l$ $k,$ $k+1$
2. $1\leq i\leq l$ $\pi_{i}$























1. $l$ $k,$ $k+1$
2. $1\leq i\leq l$ $\pi_{i}$ 1 $n$



























$\langle P(f)|g\rangle = \sum_{ \vdash n}\langle f|\chi_{\lambda}\rangle\langle\chi_{\lambda}|g\rangle$
$= \langle f|P(g)\rangle$ (15)
(8)
$P(P(f))$ $=$
$\sum_{\lambda’\vdash n}\sum_{\lambda\vdash n}\langle f|\chi_{\lambda}\rangle\langle\chi_{\lambda}|\chi_{\lambda’}\rangle\chi_{\lambda’}$
$= \sum_{\lambda\vdash n}\langle f|\chi_{\lambda}\rangle\chi_{\lambda}$
$= P(f)$ (16)
$\langle f|P(f)\rangle = \langle f|P(P(f))\rangle$




$LD(f)= \frac{\langle f-P(f)|f-P(f)\rangle}{\langle f1f\rangle}$ (18)
$\langle f-P(f)|f-P(f)\rangle$
$=\langle f|f\rangle-2\langle f|P(f)\rangle+\langle P(f)|P(f)\rangle$
$=\langle f|f\rangle-\langle P(f)|P(f)\rangle$
$LD(f) = \frac{\langle f|f\rangle-\langle P(f)|P(f)\rangle}{\langle f1f\rangle}$
$= 1- \frac{\langle P(f)|P(f)\rangle}{(f1f\rangle}$ (19)
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3.1 [2, Chap.17, The $( k, k+1 }1/2 )$
Upper Bound Lemma] (12) $\hat{f}_{k}=\frac{\hat{p}^{k}+\hat{p}^{k+1}}{2}$
1 $\hat{p}(\lambda)$ $k$







$\sum_{\sigma\in S_{n}}|f(\sigma)-u(\sigma)|^{2}=\frac{1}{n!}\sum_{\lambda\vdash n}d_{\lambda}\Vert f(\lambda)-\hat{u}(\lambda)\Vert_{2}^{2}(20)$
$f$
$\wedge$
$\rho_{(n)}$ $\frac{1}{n!}\sum_{\lambda\vdash n,\lambda\neq(n)\lambda\neq(1^{n})},d_{\lambda}$ tr $[( \frac{p(\lambda)+p(\lambda)}{2})$
$k$ $k+1$
$f((n))= \sum_{\sigma\in S_{n}}f(\sigma)\rho_{(n)}(\sigma)=\sum_{\sigma\in S_{n}}f(\sigma)\cdot 1=1$
$( \frac{\hat{p}(\lambda)^{k}+\hat{p}(\lambda)^{k+1}}{2})^{T}]$
$f$ 1 $k$ $=\underline{1}$















$= \frac{1}{n!}\sum_{\lambda\vdash n,\lambda\neq(n),\lambda\neq(1^{n})}d_{\lambda}\Vert\hat{f}_{k}(\lambda)\Vert_{2}^{2}$ (21)
$\lambda$ $(n),$ $(1^{n})$
$f_{k}$ $\mu_{\max}=\max_{\lambda\vdash n,\lambda\neq(n),\lambda\neq(1^{n}),1\leq i\leqd_{\lambda}}(|\mu_{(\lambda)i}|)(24)$
$f_{k}$ $karrow\infty$
$\mu_{\max}<1$ trace
$\Vert f_{k}-u\Vert_{2}^{2}arrow 0$ (20) $0$
$\Vert\hat{f}_{k}(\lambda)\Vert_{2}arrow 0(\lambda\neq(n))$
0 $tr[(\hat{p}_{A})^{2k}((\hat{p}_{\lambda})+I)^{2}]$












$\neg_{n}1.$ $\sum_{\lambda\vdash n}d_{\lambda}tr[\hat{p}(\lambda)]$ $=$
$\frac{1}{n!}\sum_{\lambda\vdash n}d_{\lambda}$tr $[\hat{p}(\lambda)\rho_{\lambda}(e)^{T}|$ (7)
$p$ $p(e)$ $=$ $0$
$\sum_{\lambda\vdash n}d_{\lambda}^{2}$ $=$ $n!$
$\sum_{\lambda\vdash n}d_{\lambda}$(tr $[\hat{p}(\lambda)]+$ tr $[I]$ ) $=n!$
$\frac{\mu_{\max}^{2k}(\mu_{mw}+1)}{4n!}\sum_{\lambda\vdash n}d_{\lambda}(tr[(\hat{p}(\lambda)]+tr[I])$
$= \frac{\mu_{\max}^{2k}(\mu_{\max}+1)}{4}$
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$0\leq|x|\leq\alpha\Rightarrow f(x)\leq f(\alpha)$ .
$|x|\leq\alpha$ $x^{2k}(1+x)\leq\alpha^{2k}(1+\alpha)$ .






$A$ $\mu_{1)}\mu_{d}$ 2 $x$
$\mu_{i}$
$\sum_{i=1}^{d}\mu_{i}^{2k}(\mu_{i}+1)^{2}\leq\alpha^{2k}(\alpha+1)\sum_{i=1}^{d}(\mu_{i}+1)(27)$






$\alpha^{2k}(\alpha+1)$ (tr $[A]+$ tr $[I]$ )
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